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Abstract

This report contains the software package for an
adaptive, optimal suspension control system relative to
terrain random vibration disturbances. The proposed
problem solution is shown to fall into two separate program
categories: a) recognition of the terrain and parameter

‘ selection, by means of an on-board minicomputer or micro-
processor, b) optimization of suspension parameters for
arbitrary terrain configurations obtained from terrain
statistics and executed on a centrallyelocated stationary
computer facility.

The interface between the stationary computer facility
and the on-board microprocessor is accomplished by means
of a data bank prepared at the stationary facility and
permanently stored in the memory of the on-board micro-
processor. The suspension parameters are set by a servo-
control unit on the vehicle which is activated by the micro-
processor. The servo-control unit regulates the supply and
release of air in the hydro-pneumatic suspension system,
thereby increasing or decreasing the spring rate according
to the optimal requirements. In a similar manner the
damper orifice size is increased or diminished depending
on the required effective damping parameter. If need
arises, the vehicle can operate at fixed suspension para-
meters. The results of the investigation are shown in
graph form.
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NOTATION

Wave mumber

P.S.D. amplitude of road profile

Effective area of air spring

Subscripts, axle, body

Damping constant e i
Constants

Force

Axle clearance

Input function of time

Complex and conjugate complex funcion of time
Indices

Spring rate
Tire spring rate

Wave length

Mass

Pressure

Displacement across spring
Time

Forward velocity

Volume of air spring system

Displacement in direction of travel, also
vibration displacements

Displacement amplitude
Relative vibration displacement amplitude
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w, Rad
i'SOC

QRad
Sec

pProbability factor for displacement

Ratio of specific heat at constant pressure
and constant volume

Ssymbol for variation.

Symbol for determinant

pDamping parameter

Frequency ratio

K/k ratio of spring constants
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1)

Introduction

The investigation discussed herein began in 1975 when
the U.S. Army Tank Automotive Command, predecessor to TARADCOM,
entered into a contract with Wayne State University to pursue a
study entitled "Development of Computerized Vehicle Suspensions".
The investigation was completed in March 1976. A final report of
the work was then submitted and approved, (l]. Subsequently a new
proposal was submitted for the purpose of establishing a functional
algorithm which would allow the automatic control of suspension
parameters on vehicles operating in rough terrain. The vehiclés
considered are heavy and of the military variety; however, there is
no inherent reason why the principles of adaptive control discussed
herein should not be equally applicable to all vehicles required
to be operable at speed over off-~-road terrain.

The notion of automatic suspension appeared first in connection
with a complete design in a paper by Federspiel-Labrosse, [2].
A similar study was carried out by Westinghouse in 1965, (3]. The
necessity of improving syspension characteristics was soon put on a
more scientific basis. Works by Bender, Paul, Fenoglio, Karnopp
(at Massachusetts Institute of Technology at the time [4,5,6,7])
considered feed-back automatic control systems for vehicles. It
was next shown that a transfer function can be synthesized (n. Wiener
[8]). Also Thompson (9] considered the optimal active suspension for
bounce, pitch and roll control of passenger cars. None of the above
publications suggested the use of an adaptive control employing on-
board minicomputer circuits. The reason for this is that computer
technology was not as advanced at that time, as it is today. Neither

size nor price form obstacles for the adoption of such control methods
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now, and will be much less so in the future.

The terms “optimal" control and "adaptive" control in
connection with active vehicle suspension designs require
further explanation. 1In a strictly literary sense there does
not exist a "best" or "optimal" set of suspension parameters
that is realizable, because the “best" type of suspension is
one which completely isolates the sprung mass from any form of
road shock. Any and all suspensions, no matter how soft, are
force transducers and the softer the suspension the greater must
be the excursions of the unsprung masses, which are not limitless.
But, obviously, within given design criteria there are better
performing suspension systems and the object of this investigation
is to find means to select the best possible set of suspension

parameters that meet the design criteria.

The term adaptive control is commonly used by control
engineers to indicate that the control process is adapted to
the source of the disturbance or perturbation. Another alternative
feedback control where in the response of the system is compared
with a desired output and the controller acts to minimize that

difference between the actual and desired response.

In this investigation we employ an adaptive control algorithm
that allows pre-sampling of the source of disturbance, namely
the terrain roughness, from statistical data, ([10,11]. From
the infinitely wide range of terrain configurations that exist
a large and substantially representative class of terrains,
referred to herein as model terrains, can be assembled and their
power spectral density (p.s.d.) functions can be placed side-by-side.
It can be shown that in most cases the distribution of the rough-

ness follows similar patterns which can be mathematically expressed
2




by error functions (discovered by Gauss). Such distributions
are also referred to as Gaussian distributions.

For this investigation a total of 13 such model terrain
statistics were made available and one was selected for the
purpose of analysis. The computer algorithm dedicated to the
on-board microprocessor was simulated and combined with the
off-board terrain and optimal suspension parameter selection
process, so as to close the look of the process. The following

chapters will explain in detail the logic of the program and

its operational features.




2)

Summary of Results

a) Reconstruction of terrain.

The reconstruction of the terrain by means of a
fast Fourier analysis and regeneration of measurable accelera-
tion values at vehicle unsprung and sprung mass yielded very
accurate results. The terrain as described in the form
of tabulated data, [(10] is plotted in Figure 19. Of course, the
accelerometers employed must have a nearly linear output

relative to the input within the frequency domain of their use.

b) Central Stationary Computer Simulations

The program for the computation of the Optimal parameter

matrix has been written, documented and executed. The results

have been plotted and compared with fixed suspension parameter
systems. At comparable vertical acceleration levels the

realizable speeds (speeds made good) of systems with adaptive
suspension control exceeded those speeds, obtainable with fixed
suspension parameter systems (passive suspension). If vehicles

are operated at the recommended speeds the vertical accelerations

of the sprung masses are expected to be sufficiently reduced

to extend the life of vehicle components. But without statistically

significant evidence no quantitative statement can be made.
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Terrain Analysis

The signifiance of terrain configurations is that once
their pattern is established it is possible to reconstruct
them without a substantial loss of accuracy relative to tﬁe
response characteristics of vehicles passing over such térrains.
From terrain measurements (approximately 120 for each terrain
sampled over a length of circa 120 meters) one can obfain
equivalent Fourier series which are considered as representa-
tive for each terrain configuration. (see Figure 1).

The computer program for the "Fast Fourier Transform"
[12] was successfully executed and the coefficients of each
sine and cosine term were obtained. The reconstruction of the

terrain from the 128 terms considered in the series showed an

accuracy of between 97% and 99% relative to distribution of

the measured data.

Since random data do not repeat themselves, it is necessary
to take assembly averages. All terrains considered herein are
considered to be ergodic, that is to say, that different
samples of the same terrain when averaged over the length of
the sample yield essentially the same value. Taking the
squared values of the measured elevations from a mean level
(squaring is necessary to avoid getting simply the algebraic
mean value) and dividing the sum of all squared elevations
by the number of measurements one obtains the mean square

elevation of the terrain profile and the root mean square

value, respectively. Hence for an ergodic input the averages




of all samples must be nearly alike for a specific type
of terrain. Note that we do not assume that terrains
are stationary, which would imply that the road elevations
repeat themselves within multiples of a base length of the
terrain, because terrains do change over longer distances.
In fact, it would be necessary to collect an infinitely large
number of samples to characterize all types of terrain.
From a practical point of view, however, it is possible to
select a finite set of terrain configurations which a parti-
cular vehicle will encounter during operation and to determine
the most suitable form of suspension characteristics for
operation in such terrains. The set of terrains so selected
are referred to as model terrains.

It is assumed that the wheels of the vehicle passing
over the terrain will stay in contact with the terrain profile
at all times. Also, since the total length of the measured
sample extends over 100 times the average distance between
value sets the mean square value of elevation for each wheel
may be assumed to be the same. In contrast to this assumption
if one were to analyze a specific wave disturbance of a
fixed wave length the wheel elevation of each wheel would be
different at any one time and it therefore would become
necessary to consider the phase relationship between each
wheel (the distinction is made to indicate the difference

between a stochastic and a deterministic input),

A S s il . s ol Gt bh it ittt et i " e
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4) Reconstruction of Terrain Profile on Vehicle

The vehicle is to be equipped with low frequency
sensitive accelerometers on the superstructure (body) and
high frequency accelerometers on the axle (unsprung mass).
With m, the pro-rated sprung mass, m, the pro-rated unsprung
mass, k the suspension stiffness rate, K the tire stiffness

rate and ¢ the shock absorber constant we can write the

equations of motion in the form

my, *b + k X, + cxb - kxa - cx, = 0

(1)
mR, + (K+k)x, + cia -kx, -cib- Kh(t)

The displacements in (1) are x, (body) and X, (axle) .

b
h(t) is the wheel lift and drop due to terrain roughness.
Adding the two equations (1) we obtain

mbkb + “h*a + Kxa = Kh(t) (2)

X, = J' (IT k,dt)at (3)

From (2) we obtain the terrain profile h(t), namely
. g M
h(t) = kb(gg) * Xy (Fa) + x, (2a)

1f ib and ia are measured and converted into electronic
. impulses then (3) can be obtained by integrating twice and

inverting the sign on summing amplifiers. Alternately, the :

accelerometer outputs could be digitized and the integration done

numerically on the microprocessor. In either case the the resu't of (2a) l

i i s i M s




yields a reading of the reconstructed terrain profile.

In order to demonstrate the accuracy of the reconstruction
process the investigators converted the spatial Fourier series
of the terrain into a time series based on a constant speed
motion of the vehicle as follows.

Let the nth term of the series be sin (naxf) where n is an
integer, a is the wave parameter (a=2n/R) where ¢ is wave length
in meters) and Xg is the forward motion displacement. Then

Xe=u.t (4) |
where u is speed and t is time the argument

naxe =n(2m u/¢)-t = n-w-t (5)
where in (5) w = 2mu/f is the circular frequency of the
harmonic of "(" meter wave length. Referring back to (1)
we can compute *a' *b relative to each and every term
contained in the Fourier series representing h(t). These
are, in fact, the signals sensed by the on-board accelerometers.
*b and ia is then reintroduced into (2a) to obtain h(t) and
the output is compared with the input. The correlation proved

to be on the order of a fraction of a percent.




5)

Process of Averaging h(t), Power Spectral Density.

The terrain elevation may be expressed in terms of
discrete (measured) values or as a continous function of
distance or time. The nth term of a Fourier series ex-
pansion of the terrain function may have the form

h(t)n = h cos nwt + hns sin nwt (6)

nc

where hncand hns are the coefficients associated with the

th

sine and cosine terms of the n order. Hence

2

2 2 2 ’
nc COS nwt + hns sin® nwt + h_ _h sin 2nwt (7)

2 &
h (t)n =h nc ns

Averaging the above with respect to one period of length T

we obtain
=3 g 2
hy, = bpe Jcosznmt dat + }_’.Ls_ j sin’nutat
ot T .

+ Bne hs j‘sin,z nwtdt (8)
T T

Now the last integral on the left side of (8) integrated

over the full period 1 vanishes and (8) becomes

2 2 2 2
=2 h h h® + h
h = (nc + ns ) = (‘nc ns ) (9)
n T _2_

Each of the squared amplitude values ﬁi belongs to a discrete
frequency of order n . Then,the average of all such values

over the frequency spectrum considered herein is

ik




and its root mean square value is

120
- 1 g2 (10a)
n 1 n

For each model terrain we can obtain its mean square
amplitude (10) or its root (10a) respectively. If (10) is
plotted versus (nw)2 we obtain the power spectral density

curve of the terrain (see Fig.l). In this Figure 1 we

plot the ,  log (Ez/a) versus log (a). The dense

10
distribution of points can be seen to lie in proximity of
a straight line given by

=2 =2
lolog (hl/al)- 10log(hn/an)-(lolog a, - log an)f (11)

10

or log f = (lolog[ﬁi anlﬁﬁ allb/lolog(ah/sn) (lla)

where f is the slope of the line. Bender [13) has shown
that the power spectral density function (11) can be expressed
in terms of frequency rather than wave parameter yielding

a straight line image expressed by

¢ (nw) = -hu 2 (Figure 1lc) (12)
(nw)
where 2
¢ (nw) = hn = discrete power spectral density. (13)
w

10
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Design Constraints

The axle clearance is usually determined by several
design criteria other than softness of ride. Therefore, it
is necessary to avoid the incidence of the axle striking the
axle stops. The probability that the maximal displacement of
the axle relative tothe body Y will lie between : ay = * H
where a is a number, H is the available axle clearance and

Y is the expected suspension deflection,is

i ¥ ay - 3 w
Prob [-ay 2 y(t) < ay] = j e( (Y/y)/”dy/y(mr)l/2

-ay
(14)

and for a = 1,2,3 this probability is [14]

a =1 Prob. = 68.3%

a =2 Prob. 95.4% Gaussian or normal
distribution

a =3 Prob. = 99.7%

This means for a = 3,in only 3 out of 1000 working cycles
would Y exceed the. allowdble axle clearance H and therefore
strike. the axle stops.

In seeking an optimal set of suspension parameters,
design. constraints imposed on the system limit the
average maximal displacement across the suspension § to 1/a =
1/3 of available axle clearance H. For each terrain profile
there exists a set of suspension parameters k and c that
minimizes the maximal body accelerations libl at a certain
average forward speed u and at the same time satisfies the

design constraint that the displacement across the suspension

11




should be within the limit H 99.7% of the time. At

other speeds,u,there are sets of suspension parameters

which are not optimal, yet satisfy the design constraint.
These parameters are optimal to the extent that the maximal
displacement across the suspension elements is utilized.
Since, in general, the acceleration transmissibility depends
inversely on the deflection across the suspension and directly
on the forward speed of the vehicle,it is advantageous to
exhaust all the available axle clearance (without frequently
striking the axle stops), so as to obtain the sofest ride
possible. 1In Figures 2,3,4 we show the acceleration in units
of "g" of the vehicle body versus "speed made good" for three
differently chosen axle clearances H = .15m,.21m, .24m. All

of these represent optimal data, as explained above, relative tc

variable suspension spring rates and shock absorber constants.
Figure 5 portrays the acceleration transmissibility versus
"speed made good" for constant spring rate and damping constant
(passive suspension). In all cases the results obtained refer
only to one terrain profile (see Appendix 1). The formulas used
to compute the set of optimal spring rates and damping constants
are presented in Appendix 2. For the purpose of showing the
effects of speed on suspension deflection we show in Figure 6 the
relative axle displacement y vs. u for fixed spring and damping
parameters. Figure 7 shows comparison of acceleration trans-

missibility. The meaning of the data is discussed on paae 18.
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7)

Methodologx

The control process is schematically shown in Figure 8
(Figure 22 of (1)) in the form of ' a block diagram. At the right
hand lower corner are shown the off-board logistic operations
executed on any stationary computer installation. Given a
discrete number of different model terrain statistics and
the descriptions of the vehicle masses and tire or track
stiffness optimal parameter matrices (see Table 1) are
obtained which give the best possible combinations of spring
rates, damping constants and corresponding forward speeds.

The data are placed in memory storage on the on-board micro-
processor.

The computation of optimal parameters requires many
programming steps. These are documented and attached to
this report in Appendix 2. Speaking in general terms, the mean
square terrain profile amplitude is amplified or attenuated
depending on spring rate k, damping constant ¢, and forward
speed u. Only two displacement values are of significance.
These are a) the displacement across the suspension as mentioned
in the foregoing paragraph and b) the absolute displacement of

the sprung mass because the peak accelerations are directly

proportional to that displacement.
Thus:
peak acceleration = frequency squared times displacement or

2 N
Iacl - -|xb| (14)

13




and (14) written in units of g (gravitational constant)

becomes Iicl = 22 | x (14a)

l
s

It can be shown (see appendix 2) that |xb| is a function of
|Y| namely

I | = Y] (1+ag?n?)1/2
7

n (15)
where
2 o o i - .
n° = w /wn 4 c/21 kmg ;
9
w" o= 4n2u2/22: wi = k/mb .
Instead of Y we use the permissible average relative
displacement amplitude
y = H/a = H/3. (a=3) (16)
The mean square terrain elevation amplitude is:
2 m 2
=1 ¢ h,  (m=120). (17)
2m 1

The ratio §2/52 . where §2- H2/9, is a specific
number depending only on the axle clearance H and the
measured terrain roughness expressed by the Fourier series

amplitude values hn‘ In appendix 2 it is shown that:

s a (18)
(72/82) = n
2 wz (\!2
(hd 9b —n21ef + P et i & e 22
2 Q 0
ﬂa a a

where in (18) Qi = K/ma is a known parameter. Solving (18)

for n2 as a function of k and ¢ we can infer the forward

speeds uy pertaining to the set of solutions, since

14
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or

ug= ngt Vi 7 @nfm) (19)
Substitution of the solution into (15) yields the absolute
expected displacement amplitude ;b which should be minimized
for best possible ride quality. Again, assuming fconstant
one can find a unique set of values for u and k satisfying
this requirement and after further iteration by varying ¢
(or damping constant c) the best parameter configuration Uy
ko' ¢, emerges whereby the subscript o denotes optimum. It
follows that for each terrain only one forward speed will
yield optimal performance. For other speeds there is a
parameter set k (u), c¢ (u), different from the optimal values,
that renders (15) '‘a relative minimum. The above described
procedure of optimization has been coded in Fortran language

and, as far as the principal investigator is aware, it is

orginial.

e e e

Prior to the development of the above described procedure
the investigators attempted to employ the optimization
method of Bender et al of the Massachusetts Institute of
Technology. According to that method optimal system responses

are obtainad by minimizing a so-called penalty function P which

is equal to the sum of the absolute displacement and the
relative displacement across the suspension. Since the re-
lative displacements depend not only on spring rate ana
damping but foremost on the available axle clearance one can
develop a so-called trade-cff curve of acceleration trans-

missibility versus mean terrain amplitude and available axle

15
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clearance. Obviously, the greater the axle clearance the
less is the trasmitted acceleration, or for a fixed acceptable
acceleration transmissibility, the greater is the vehicle

speed with which it can move over the rough terrain. If

P = oih + a§ + (p i8 a number, 154<p<10‘) (28}
then

ar v o ¥y 40 af ~ o

dk dk af (21)

dP = ¢ 9y + @ gi = o

dc dc c

yield values of k and ¢ that minimize, or maximize (20).

The differentiation (21) yields a very complicated algebraic
polynomial of the eight power in the variables and even

though the equations are coded for data processing the results

obtained cannot be readily verified. They indicated that the

penalty function could be represented by a relatively flat

surface and therefore is insensitive to small variations in the
coefficients k and ¢ on which ib and y depend implicity. The
results yield one set of optimal parameters ko and Cor practically,
independent of variations in the parameter c. Thus, this approach
was later discarded.

To implement the results of the optimization developed in this
study, a Table 1, prepared especially for the vehicle, is then
placed together with the mean square terrain amplitudes in the
on-board computer. The computer is also programed to reconstruct
terrain profiles and to obtain the mean square amplitude value

of the terrain over which the vehicle passes. It then selects

16




the nearest amplitude value model terrain and the nearest
speed for which pre-calculated parameter sets are available.
The parameter set (ko and co) information is relayed to the
servo control unit for implementation. Then, the servo control
unit changes inflation pressures of the air spring and orifice

size of the shock absorbers to the desired levels.

In order to execute the control function a comparison
between instantaneous and recommended suspension parameter
values is made based upon the measured forward speed. The
optimal speed will be displaced in sight of the vehicle
operator. Then, the servo-control unit will change inflation

pressure of the air bellows springs and orifice of shock

absorbers to the desired level. Since the terrain profile
will be continually scanned within a predetermined length
(say 100 meters), the operation constitutes a closed loop

adaptive control process.

17




8) Discussion of the Results of the Investigation

It is apparent that the economic benefits of optimal

suspension control reside in either extended periods of
operation between overhauls, or in reduced time to cover
distances (higher average speed) or in both of these
advantages. It is also clear that performance improvements require
an initial investment (no matter how small in relation to
the total equipment cost). Whether or not the expected
benefits outweigh the cost is a question of judgement.

But the gain in speed over a conventional passive suspension
system can be demonstrated. Let terrain profile, sprung

and unsprung masses, tire spring rate and axle clearance be
equal for two vehicles, one with passive and one with active

suspension. Figure 7 clearly shows that the acceleration trans-

missibility through the passive suspension system is greater
than that of the active suspension at comparable forward
speeds.

Transmissibility ratios are never unique. By this we
mean that bi-quadratic equations can yield two distinct
real roots for each circular frequency value or forward
speed considered. Frequency spectra have maxima at a
finite frequency value and minimum at o and . On either

side of the frequency giving the maximum lie higher and

s PN P Cr T ) Wis.0 (O 1A SIS AT e ¢ ST G veves

lower frequency values yielding the same transmissibility.
For reasons other than transmissibility one cannot make _ ‘ﬁ
springs arbitrarily soft and dashpots ineffective. The ’
parameter search is then restricted to the frequency domain i

that yields reasonable suspension parameters at practically

realizable forward speeds.

18




In figures, 9, 10 we show the effects of parameter
variation k and g,which is the dimensionless parameter of
the damping coefficient c,on speed u for the optimized
suspension. The spring force variations may be realized
in two ways. Since the rate is defined as [15]

k = gg(pA) = gg A+p g% (22)
one has the choice to alter either the effective area A
relative to stroke s and let the pressure be nearly constant
or to vary the pressure relative to stroke and let the
effective area be constant. The former of the two choices is

realized by shaping the air cushion requiring

A _ k (m?/m) (23)

ds p

The latter implies that

g -k (N/m3) (24)
s A

However, the spring rates are non-monotonially increasing
or decreasing function of u giving the data listed in Table 1I.
From the recorded forward speed and the recorded, reconstructed,
terrain function yielding the mean square value 52 the appropriate
suspension parameters are selected. The amended data matrix
(Table 1) will yield body acceleration values which are relative-

ly best for the recorded forward speeds.

19




Table I
u k=d c u k=d c u k-dgp c
ash 35“ ds
8 1000 1132 8 2000 267 8 2000 537
12 3000 980 12 4000 755 12 5000 422
__..+
16 6000 462 16 8000 537 16 9000 566€
: 20 9000 1132 20 12000 654 20 14000 706
‘ 24 14000 706 24 17000 778 24 11000 3129
28 18000 800 28 24000 924 28 28000 998
m/sec N/m N sec/m| m/sec | N/m N sec m/sec N/m N sec
m m
At axle clearance H = .15m = 16 m/sec,
k = 3000 (N/m), = 1132 N sec
m
are optimal values. So are
u = 8m/sec, k = 2000 N/m
c = 267 N-sec
m
for H= .21m
and u = 12m/sec, k = 5000 N ,
c = 422 N sec =
m
for H= .24m .
20
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The improvement can be deduced from the comparison between
fixed (assumed) suspension parameters and optimal parameter
response, Figure 7. In closing it shall be mentioned that
remarkable advantages can be realized with the proposed
suspension control system.

1) Recommended speeds for optimal control can be posted
at the dashboard (digital read-out)

2) For whatever reason the operator deems necessary he
can switch to passive control or manual control, employing

the control scheme based on (24), Table I.

Example

A vehicle negotiates a terrain described in [10] and
displayed in Figure la. The terrain is Fourier transformed
and axle and body accelerations are monitored for a vehicle
forward speed of 21lm/sec based on the assumed data given in
Table 2. The terrain roughness is now reconstructed by direct
integration, namely,

h(t) = ma x, + (x,dt)dt+x, fg (2a)
giving terrain figure 1lb. The mean square value (10), (17)
are then introduced into (18) where the permissible mean
square suspension deflection amplitude §2 is given 1/9 of the
available square axle clearance H2 e.qg.

H=.2lm, HZ = .0442m% H2/0 = .00049 = y° ;

Yy = .07 in. For each set of parameters k, ¢, n2 that




satisfies (18) there exists a forward speed u) that satisfies

(19).

Tabie 2
Technical Data

3 Tandem Axle
Spreng Mass M: 4.087 x 10° kg per wheel set

2

Unsprung Mass m: 3.043 x 10“ kg per wheel set

Sprung Mass

Natural frequency 60 cpm = 1 Hz; ui = 39.48/sec2
Spring rate k = 161,354 kg/sec’

Spring rate K = 1,201,376 kg/sec2
Damping Constant ¢ = 17,976 kg/sec
Damping Parameter £ = c/2 (kn)1/2 w o7

Wave Length L = 100m (m = meter)

Speed u = 25 m/sec (maximum), 20, 15, 10, 5 m/sec

Double amplitude of fundamental wave of length 100m: .1 m (l0cm)

Axle clearance: (Static-Source)

22
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Conclusions

Any person who is called upon to review a prospective
design for possible adoption in the course of product planning,
must ask whether the benefits gained outweigh the costs of the
proposed suspension control. This judgement will depend on many
factors most of which are unknown to the author of this report at
this point in time.

In connection with such considerations it is fair to assess
the expected performance of the system. Current expectations are
that best results will be obtained in terrains for which power
spectral desities vary between .lmz/rad/m to .0001m2/rad/m in the
frequency range from 2 to 6 rad/meter. In terrains of substantially
greater roughness manual control may be preferable and in terrains
which are much smoother fixed suspension control may be more
advantageous. Both modes could be made available in this control
system. Also note that no changes in the parameter settings of the
suspension will occur unless speed or terrain configurations or both
change more than set threshold levels during the operation of the
vehicle.

Actual perfromance increases to be expected would have to be
determined at the time that design trade offs are being made.
However, based on the simplicity of the system as compared to
others being contemplated, an adaptive suspension control mechanism
appears to offer the most attractive means of optimizing ride

control in military vehicles.
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Appendix A

A program has been established containing the program
steps and documentation as attached.

The basic feature of the program is the subroutine "Fast
Fourier Transform" (Reference the Fast Fourier Transform by
E.O. Brigham, Prentice Hall, 1974, pp. 148-171). The program
has been transcribed using complex variables. It serves the
purpose of resolution of the recorded input signals into its
harmonic components within a time interval -T<t<T wherein T
is the half period as considered being sufficient in duration
to characterize the random signal as that pertaining to a
stationary process. Next, with the help of the system
equations (1) the perturbation signal h(t) is regenerated and
the PSD-curve developed. This newly generated ensemble is
then compared with one that is based on the actual terrain

configuration.
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FLOW DIAGRAM
!
COMMON VEDATA, PROFIL
]
READ
AMl BM' TK' SK, C
!
READ
V, AL, NP
LIS .
/ WRITE
INPUT DATA
PRV IG RN SR R I
CALL VESUS (NP)
\
——
'\ STOP
\
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COMMON VEDATA, PROFIL

e

/-_-_..,-.. L R =
CALL ROUGH (NP, SH)
- -
/7 CALL PSDCAL(NP,SH,S1) '
e - et 1 i s 4348 i i e « <
CALL FFT(SH,NP)

t

/caLL xnnxa(su,xa,nxza,oxza,up)//

PR ___-.~_T_,M_ et
il

%L HCAL (DX2A, DX2B,XA,SH,NEW, NP]/Z

SR . e/
B s - — — - ————————————' T
4 7
Y CALL PSDCAL (NP, SHNEW,S2) 4
" e W HEEERY |

COMPARE S1 & S§2 ]

/ WRITE S1,S2, DIFF IN S1 & S§2 ;
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R 4R 26 . wmEN INE ‘mgn,o_f THE JERRAIN 1S OIVENe THEW
‘ > | IEEARAY 4 " conigns ¥ OND AXLE ACCELERATIONS AND GNES

» € €. Rack 1O COMPYLE TME ROUBNNESS OF THE TERRAING 11
i $ . C: FINMLYe COMPUTES POVWER SPECTRAL DEWSITIES OF IHF
@ ¢ " ¢ NRIRINAL“OND THE COMPUTED TERRAINS FOR COMPARISINN
> 4 ¢ e 0o o0 eoe e0e 1Y) eee o0 T *
> 8 (]
e 9 ¢ THE VFNICAL PARANFTERS
> 10 c Av = 900 wASSe AW & AXLE MASSe Ix 3 TIRE SPRING
> M ¢ RATEs SK = SUSPENSION SPRING RATEe C = 0ANPING
@ 12 c COEFFICIENTe NP = NUMBER OF DATA POINTISe vV = S¥
> 13 C EFD OF THE VENICALe AL = LENOTM OF INE SPONe
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® 15 c
Y 16 ¢
> 17 POMPLEX NM(128)0 SH({ 120)¢ SHNFW(128)
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&1 e 27 12 FOCMAT(2F19eF0 1Y)
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> 29 CAML VESHS(MeS1982eSHe SHAFYI NPSDeNY)
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> N enp
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> (I PAMNAS/VEQAL R/ AR RN [RISHO Cor |
> 1 AARENZPRAFILZVe M
> - [
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FIN
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> 120 c COMPUTATION OF FFT

> 121 Pl = 3014592651350979)

> 122 00 6 M= 1N

> 129 e (1e000e0) "

> 124 MF = 2eep b

> 128 “ = WE/2

> 128 v e CuPLX(COS(PIZK)e =SIN(PI/K))

> 127 00 6 Jetok

> 128 OA S Lz joNReME

> 129 LP¥ = (oK

> 130 T = a(LPK)eus

> 11 A(LPK) = a(L) - 1

> 112 ) A(L) = A(L) T

> 1711 6 "= {Jow

> 114 QFTNHRN

> 118 FND

> 17€ [

> 177 r SHRRANTINE X aNX®Q

> 118 SUARN{ITINE XONXR(MNoX 80 DX2A2 DXZ2RoX RoNP)
> 119 COMPLFX H(NP)OX A(NP)oXR(NP)oDX2B(NP) DX 2R(NP)
> 140 COMPLEX A(292)0CMPLX

> 141 COAVVON/YEDAT /7 MM AW TR aSK I Co P |

> 142 COAMVAN/PROFIL/ZVe AL

> 141 r

> 144 A = TK/SK

> 1¢8 MY = ppyaw

> 14¢ AVERA = 2e0Ploy/ Al

> 147 CR1 = SNRI(Qw/Sw)

> 148 Elr = OMFERACSR]

> 140 ~ETA = r/(2e0807)

> 1%, DA Y IV eNb

> 11 MM = 2e0fRETPaFT A0

> 1€ A€ = (FTAej)ee?

> 162 F(191) = AWPLX(Ye=ARFs pIN)

> 164 A(192) = CMPLK(=1ee=tlV)

> 168 A(292) = AMPLX(Nes AMI)=AVII0ARFI AIM)
> 18¢ CELTL = B(191)0A(202) = A(192)e A (192)
> 167 XACL) = AC191)eANvieAd( 1 )/ZDFLITA

> 15 A9()) = «r(192)eAnpen( 1) /DFLT A

> 15Q E182 =FlAeFT 8

> 167 FIrg = FTA2eFTR2

> 141 PX2A(1) = FlsAexn())

> 16 ¢ nDx2e(1) = FladexR( )

> 162 1 ~AMT)enE

> 16 4 AFTIHRN

> 168 Faly

> Tnb ~

» 167 s CHARANTIME HAAL (DX2PoOX2O0X FoHINK)
> 164 CUALNNTINF HEAL(DX2 A0 DX2Ho X RoHINK)
> 169 CAVELEX H(NP)IXB(NP)IUK2B(NF)2DX2R(NP)
> 170 CAVMON/VEDATAZ AMo B¥e 1K OSKIRo b |

> 171 1 = M/ TK

> 172 C2 = AW/ TN

> 17 DA 1 1 = VeWp

> 174 1 H()) = xXB(1) ¢ C1eDX2A()) + C2eDX2R(1)
> 178 RFTURN

> 176 ()

oFND NF FILF
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Appendix 1 1
l
l
[ ¢ THE VEHICLE PARAMETERS ;
| (o QM = ACOY MASSe AM = AXLE MASSe TK = TIRE SPRINS
| C RATEs S¢ = SUSPENSION SPRING RATZs C = DAMPING
C CCEFFICIENTe NP = NUMBER CF DAT& PCINTS, V = SP
o EEC CF THE VEMICAL» AL = L ENGTH 2F THE SPAN,
C (FOR FFT NPs2®eN, WHERE N IS AN [INTESEF)
¢ :
avol COMPLEY H(129), SH(12E), SHNEW(I?3) --
i DIMENSION aA(12%), X3(12c), CX2ACY2E), DJXx2B1123)
C¥3 OIMENSION HH(126), F1128), PHASEF(]12°), S1(1°7S)
o Tal} DIMENSION S2(128), DPSD(123)y Y(4V, DERY(4)
~yns INTEGER RUNMSGE
% CCMMIN/FFF/ISH,NP
Sl LA CCMPIN/XAR//XASXB
SEEN COYMON/VEDATAZAMPBYY TK, 545 (Cy 21
NN CNMMIY/ORCFIL/Ve AL
“N§E Pf o+ 3, J05026%35809737
(% RTACING THE DATA RELATET 70 VeEWICLE d2av=7=ERS
e QEAN(5,27M1)8Y,8Y,TKy3K»(
E & REATING TSI LENGTY TF THE SFAN Lle VN7 OTHME VELTIIPT v
il 0 vEAJl 50204)Ve ALKNF
ek, 1 23 FORMAT(TRL1S5,%)
2 I 20« FPRYAT(2F1 7 s0sl )
i 5 WP ITS(FalP )N AV, TK,SKy T
prrald 3 wt TR LU 2)VetLaNE
bl ECIVATIIMLZIEX, P88 VEMICLE SUSOENSIIN Z2313n et
NG, p M AB ARV I R AN S SN BB AT AR LR LI B RERE /)

THae® [NPUT DATA FCR “Hg SYSTEW ¢

25> 0" UNSORUNG M2SS L i e RS e A7

N8y et SPRUNG MAESS LU A S U S

PShe® TIARE SPRING RATE T LELT. O L
5%  SUSEPENSICN SPRIN, RAT= = ',F]7,2," /vty
RSV CINPING SEEEEICIARS & VeE)N, et A

253, ceccccccmcscc=ce e - vy
FURMAT (&Y, NSO DEYRLYY
Yey e SOBEL JF THE VeHIlle = YoFL, %' MpSEZ Y
TSae? TERRAIN WAVE LEMNJTH: L = Y E 5, Y w0y,
Thae®  NJMBER CF CASICVATILN STINTS & L1877
T529! eemmceca mecmecccemccamccccccncmcacacana=l//)
SURRCUTINE RQUSH TT MANOLZ THE TERRLIN CATA RpeddINA \
IN FREF F(MAT
* R CALL RCUGSHINE,SH)
C SUAKQUTINE PSOCAL CALCULATIS “HE BLWNEF SPECTRAL DENSITY
rfy2- Call eSDOCALISHISIoNP)
LA B N =7
C ¢ FAST FCURIER TRANSEFORY AL3NR1THe, JHEIE T4 T Ta( NO |

-
)
J

o0
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(e IS

'17

~y

1 5
ANE s

a—An -
T -

C

an

2 NaNa]

18

w9

O

(oS B

el

TEOVINAL SYSTEY FLRTRAN Gl4)11336) MAIN i ok

CF PGINTS NP IS ALWAYS &N INTEGRAL CFOWEE N 7F 2
CALL FFTISHoMoNP)
SUSRAUT INE FUN COMPUTES THt YEROLIN RTIGHNESS Va_UT FR(C™
THE COvPLEX FCUFIEZR SERIES
CALL FUNIF)
FHASE SHIFT NEECEC» BECLUSE THE VALUSS CBTAINED FRCM
THE COYPLEY FOURIER SERIES ARE ADVANCED [N DPHASE RY (ONE
INCRE YENT (RETWEEN TWO CBSERATION PFINTS)
CC 16 Isl,128
PRAS "FLT) = F(])
oC 15 1=2,1258
F(l) = OHASEFLLI-1)
FUU) = OHASEF(1L2F)
4TH ORDER RUNGE=-KUTTL INESGRETIISN STARTS HERE
T =0,0
TvAx w ALYV
QFLT = TMaAX7ZL292,0
NP IM = 6
CO 2?2 [=1,NDIM
Yi{i) = 7,0
SUNME IS 4 FUNSTICN SURPRCIRAY Fix INTESGRATICN
K = RUNIE( G YLoLEFRYSTH0ELT)
TFIX NEL1)GD TO 5
DERY (1) = Y(1?)
RERY(2) = Y(&)
CCC = C2(Y(&) = V(2)) + SK=(¥V(?) - Y(1}))
THIS POCCEIJURE TO ORTLIN AN INTESEF 7D RE 35
AS THE SURSARIPT CF “Hr DuSCRE™F TATAL &fPAY aa® wolcy3
OTCAUST CF HARCWARE LIVITATION: TF “dF D703
Yy = TICELY
I = IF{ala)
RES ! = x=l!
(P iR ST a3TeRe?5) 12l
£F 2 £(]1])
ANTW = FLCAT(ID)
Ic‘;és' \—'\é"l‘.?a".l)‘l:
FE = (F(ILel)ertI))V2.0
S s B

s
o
r

: ) (Y l7aM ) (CCC="K(¥Y(Y)=-FEF))

CEARU1L) = (1.008V)=(=C(CT)

TERV ARt M AM)e ((CT=TK YY) =FE )

CEEVYIL) = () CIRM) (=CCC)

LR ATRGS

PE ERakT e Ao YL Y
SUSSSUTINE RCAL COVBUTES TWi "SSM 0 IN CZUGHNT ST INr
RIPY M0 2aLE ACCLERZTICND » aNT TWT ARLE IS LACEMENT
AR S KMNIAN

CALL HCAL(TX2Lp0R2Rp CA)HHIND)

U7 17 1=1,NP

SHNZWEL) = C¥PLX(WHLT) »0.0)
SUA CUTINE 290CAL 1S CALLED “C rCwsuTf THE PLWER
DENSITY GF  THE CALCULATED TERmeIM TIUSKNESS Cats

CALL PSPCALUSHNEW,S?2,NP)
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YIC4I3AN TERMINAL SYSTEM FORTRAN Gl4a1236) MATN Nl=11=-78

WLy WRITE(E,201)
02 00 L Jeil.NP
0re? DPSDCJ) = (S1EJ) = S2(4)1=1nC,02SLL 1)
0366 1 WPITE(6e2021810J)eS2(J)e2FSDLY)
AYne ro) FOFMATUIMLZ2/725A0 *PIWER SPECTRLL "ENSITY COMPUTLTICONS 7277
Y1EX"TERRAIN DATA*»10Xo* COVPUTED DATA', 12X ' DIFFERENCE' /7
R}
R EY 292 FCR™(T(5Y,3E22,57)
rI67 STCP
M6s END
«CPTIONS IN EFFECT® 1MNEACDICoSOURCESNOLISTsNIDECKsLIADSNOwAP
«CPTIONS IN SFFECT® AIME = MAIN » LINECNT = 5>
CITATICTICS. SCUSC: STATEMENTS = 63sPRIGRAY SI?Z « 2882

®STATISTICS* NO OUAGACSTICS GENERATED
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MICHAIGAN TERMINAL SYSTE% FNRTRAN Gl &113p) “AlN r2-04=73
1
: C
: c seetessennes SUBRCUTINE FUN STAPTS HEREee¢esessvose
: c THIS SUBRCUTINE 1S USEC TC COMPUTE TNE COMPLEX
J (o SER IES SuwM
~31 SUBROUTINE FUNILF)
0202 OIMENSION FL]128)
G303 COMPLEX AC128),AF(128),CMPLY
LYY COMMON/ FFFRIA NP
ny95 COMMIN/VEDATAFAMyBMy Ky S¥,Co P
ca06 COMMCN/PROFILIV,AL
0337 0C ¢ [=1,NP
0916 F(I) = 0,0
0996 ANP = FL CAT(NP)
Cl1¢ DO S J=1eNP
7911 NT = (o)
rH12 JJ = NI/NP
N1 ANl = FLCATINI)
c A LITTLE TRICX TO AVOID MAVING A LARGE ARGJMEN'
(o FOR THE SINE ANC COSINE FUNCTICNS
nMre TH = 2,NsPle((ANIZANP)=J))
0I1¢% SS = SINITH)
[ B CC = CCUTH
ot 3 B 4 AF(]I) = AF(]1) ¢ A(JIeCMPLXICC,SS)
~fY1E 5 CONTINJE
mM1g ARF=REALIAF(]))
€32 AI€ = AIMAGUAF(]))
o SIGN CF “HE RESULTANT FUNCTION VALU: JEPEND: TN “u:
€ S1AN CF “HE IMAGINARY PLR”
¢ S&MZ FCR THE FIRST HALF
C CPPLSITE FOK THE SECOND WALF
% e RAT] sARF/AIF
e 1F{1.LE.6&)5 T35 2
GO A1F = =AlF
233 2 F(I) = AIF®SORT(1.,G¢RATI®RATI)
S « CCNGINUE
SN IETUON
@ iy INC
CIET LT LN EFECECTA INWERCTIC,SIOURCESNILISTSNCIECK »LZAL o NOMAD
« JET10 .. IN EFEECT®  NAME = FUN » LINECNT = 57
JEl B Sl o SCUSCS STATEMENTS = 27»PRIGRAN €172 = 190.
ecT TrcrcQe NQ CTAGNOSTICS SENERATED
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WICAISAN TERWINAL SVSTEM FCRTRAN Gl(&l336) “AIN N2-08a"2

nMAay
00?2
- 0701
f04
"ns
nNYNE
ciIc?
G0N8
Lal e l-]
Labe Bl N o
vall

12

a1z
Col?

“Y'a

e B8

~N1e
.

e70T RS [N ZFFECTe [N, FRCOIC» SOURCESNOLISTHNCIECK,LTAZ ) NIMATP
SCETIONS IN EFFECT™ «wAME = ROUGH o LINECHT = 57

215V ECS™ SCURC: STATEMENTS = 10 PROGRAY []7F =
1TTiSs NC TJTASNCSTICS SENERATED

gy T

000008000000 SURRIUTINE RNUGH STARTS HEREcCesstoe¢ncnn
THIS IS A SURRQUTINE WRITTEN FOR FRSE FORMAT REBDING
OF THE TERRAIN DATA WHICH USUALLY BZ SIVEN IN FZET, BUT
IF THE DATA IS GIVEN IN METERS THEN SEE BELOW FOR A NECESSa: v
CHANGE
SURRQUTINE ROUGHIN,H)

CIPENSION H1(102¢)

COMPLEX H(N)

REAL®4 FMT(L) /ey

READ(S,FMT)I(H1(])el=lpN)

S$S=0, (¢

OC 2 I=]1,N

S=S+H1(])

HAV = S/FLOAT(N)

D0 1 Isi,N

H1(I) = H1(])=HAV

C FOR DATA IN PETERS FOLLOWING ONE CARD CONTAINING THE

o MUL TIPLYING FACTOR SHCULD SE REvQOVED

HI(I) = H1 (1)20,3048

\ H(1) = CUMPLX(HI(])s0,0)

C WRITE(6,101) (H(I)sl=l,N)

19 FOOMATILIHY///7° TERRAIN ROUGHNESS INPYT 07

A2X,? ctotenepedidienugnndanssdunctinetyyy

Q2Y» *HEIGHTS W.R.T, A RcFRENCE'//Y

(2% 9 4F12,.57))

RETUP N

ENP

OOOOONO

N




MICHIGAN TERMINAL SYSTEM FCRTRAN 5041338) MAIN Frengens
(o i
¢ Cse0000000000000 SUSRCUT INE PSCCAL STARTS HERE®®ssncenas
c THE FORMULA USED WERE CAN RE FOUND IN ANY TEXT 0N
3 ON RANDO™ VIBRETIONS

ob L3 | SUARCUTINE PSOCAL(HsS,NP)

0?2 COMPLEX H(NP)

on9 DIMENSION S(NP)

0304 CCMMON/VEDATAZAMS R M, TKeSK,CsP]

~H0s COMMONIPROFIL/VeAL

~fY9¢ OMEGA = 2,epleyyal

Clo? ETA = CMEG 2¢SORT(AM/SK)

0296 ODC 1 l=l,NP

cNng 1 SUI) = RUTDI*CONJIGENHIL DI IZL2.%ET)

Mmie RETURN

(W) Bl END

eCPTJONS IN EFFECY®  ID,ERCLIC, SQURCESNOLISTHNCDECK ,LDADS NO™AP
«CPTICNS IN EFFECT® NAME = PSOCAL » LINECNT = 57
aSTATISTICSe SOURCE STATEMENTS = 11 PRCGRA™ SI?E = 648

«STATICTICS.

NG OIAGNOSTICS SENERATED
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MIfALSAN

Ll L} |
nyn2

€332
L LT

-C2N5
€J)6
N7
AL
anna
£)le
63l
Ay D
TR

314
1%
D B .
a1
-

A0

e 1
~a-
AR

-~ N -

oo T 1™

~y .

R
v .

% o

TIRVIN

C
C

AL SYSTEM FORTRZN G(&13%6) waly nrengan

ceaseevevessvees SURRCUTINE FFT STARTS <4ERE®eeeseecnga,,

SUBRCUTINE FFTUAsNeNR)
CCMPLEX AUINB) sUpNeToCMOLX
OIVICING ALL ELEYENTS BY NR
DC \ Js=si,N8

AlJ) = A(J)I/NS ;
RECRDERING THE SEQUENCE
NBC2 = NBF2
NBM]L = NB - 1

J =1
OC 4 L = l,\8M)
IFIL.GELJ)GD TO 2

T = AlJ)
AalJ) = A(L)
A(L) = T
K=NBD2
WRITE(O, 101V (A(L),1I=1,506)
FOQMA TUIFL5.6)
IFI(K.GE.J)G] TO ¢

J u =¥
K = ¥p2
G Vi3
J = JeK
COYFLTATICN CF FFT

] = ,145G265158Q733
OC 6 M=l,N
U =2 (1.7,1,9)
ME 3 DJasw
K a vgy2
Wom CMPAXICCI(PIZIK), =SINL2I/K))
6 J=]l.X

S L=loNBy¥E

K = LeK
= 2(LPK) =y
~(LPK) = A(L) - 7
AR ITELeo 1C2Y)A(LPY)
FOARVAT(2F11,5)
S(L) = A(L)e"

1~ )
oY)

U o= Law
JETUIN

gno

S®  IDeERCTIC,SIURCIANCL ISToN IECK L Al oI mar

“»  NAME = FET o LINECN® @ 57

TURC T STATEMEZNTS = 35,PR750AY S5 a £ 4
STLA3NCSTICS FENERATED
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MICHIGAN TERWMINAL SYSTEM FORTRAN G(4]336) MAlN C2=-0h-73

c
C 2R EeaSUBROUTINE HCAL STARTS HERE®Se*svanaspae
C IF WE ADD THE TWD EOQUATICNS OF ™OTICON FCR BJIDY AND AXLE
C THEN WE GET REQUIRED RELATICN TC CR™AIN TERRAIN RDUTHNESS
e Il | SUBRCUTINE HCAL{DX24,0X2B»sXAsHeNP N
rin? COMPLEX HINP)»XA(NP))CX24(NPY,CX2R(NP)
010 COMP IN/IVEDATAZAM,BMeTKoSXoCoP]
cA04 Cl = AM/TK d
€135 €C2 = AM/ITX
~IN6 00 1 1 = 1»NP
i 12 B 1 HUT) = XAUT) ¢ CLl*DX2A(]) + C2eDpx2%(1)
cioe RETLRN
tINnG END
¢€IPTIONS IN EFFECT®  1D,ERCDIC, SCURCESNOL ISTsNODECK ,LCAD» NOMAP
«{PTIONT [N EFFECT® NAME = HCAL o LINECN™ = 57
CSTATISTICSe SUURCE STATEMENTS = 9, PRIGRA™ 5122 = 572

*STATISTICS= NG DIAGNDSTICS GENERATSED
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MICH LA aN TEEVMINAL SYSTEV EGRTRAN Glel336) MAIN

C *savencssss SUBFRCGFAM FUNCTION RUNJSE STARYS KWESZeeevsss
C FUNCT ION SUBPROGRAM FQOR 4TH ORDER RJNJIA=KUTTA VETHQ)

fpmy FUNCTION RUNGEIN,Y,F, XoH)

s Db INTEGER RUNGE

f6? DIPEANSION PHI(SC) o SAVEYLSOIsYIN) »F(N)

o Lo 1Y DATA W0/

hate Lol e ¥4

Ciik GO TC €152535405),"

le el | | RUNGE=1

AN = RETUEN

ANYS 2 OC 22 J=1,N

«J1C SAVEY(J) = Y(J)

11 OMI(J) = F(J)

fN12 X Y(J) = SAVEVY(J) ¢ ,S=HeF(J)

11 A=Y & 5%

C)e RUNGE = |

bl E RETUPN

M1e 2 NG 32 J=leN

i b 3 PRICLI) = PHRILJ) & 2,.¢F())

€L 33 Y(J) = SAVEY(J)+,SeHeFr(Y)

Mye RUNS E=\

Stk RETU °N

b “ DC «4 i=1,N

iv e FHI(J) = PHI(J)*2.%F(J)

~n Yy L6 viJ) = SAVEY(J) ¢ HeF ()

R BT X = 3 ¢ G, 58

i iy QUAS® = |

PR RETURN
L) » OC 55 JsleN
e Ry o YIJY = SAVEY(J)e(PUI(S)eF(1))ony e,
s = v 3 n

e RUNGz = O

ki RETY N

). s
WEFFICTe 100 EBCCICHSCURCEONDOLISToNDECK oL "al o NI T
. TFEcCT®  NAME = RUNSE s LINESCNT = g~

5 SCURCE STATEMENTS = 3?29 PR2OGRAY €72 =

MTAGANQSTIC S AENERATEN

FLASSET IN THE A30VE COMPILATIONS.

59

C2=n6-7°¢ i




APPENDIX B
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Ma™y
q}(x/ma)exp(juwt) d)
and from a)
*b+;(c/mb)+y(k/mb)-’o e)
Let x, =X, exp j(nwt+¢), y=Y exp j(nut+y) £f)
Then
2.2 :
(=0°n“+ k+K + k + c((m_+m _)/m Yjun), =K/m ] (Y exp jo¢
E‘-a—— ﬁb a mb amb +
f% jun + k) w2n2 X exp 3V
L, ™
Khn/ma g)
(o)
Determinant D:
m4n4_m2n2 (k+K + k + ¢ "y jun) + K (S Jun+k y=D h)
Ma ™y m,m Ma Ma ™,
61

Appendix B

Equations for optimal control rased on the condition that
relative suspension mean deflection is 1/3 of allowable
axle clearance H and absolute acceleration transmissibility

be a minimum:

for nt® harmonic ()= f:f)

mbxb+c(ib-ia)+k(xb-x.)-o a)

m, %, =C (X =X, ) =k (X, =X, ) +Kx, =Kh, exp (junt) b)
Xp"Xa"Y o

Multiply a) by m, b) by m, and subtract b) from a) and
divide by mm,
y+e( (ma+mb)/mamb)§+k( (m.+mb)y+y(x/ma)-xgk/mb)-

R I G




2.2
exp(j¢)Y = ~“khpu'n i)
Dm
a
exp(§Y)X = Khn(cjwn/m. + k/mb) j)
D m,
| After Rationalizing i), j)
|
4
(Yn)z nn k)
E 2 2
n 2 W 2
n /9 - n-(1+ k + "b)+1] +4¢ n [n (k + b -11
[n b n K 5-2- ] —2-)
a la
2

X ) 4 1+4c2n§ 1)

(E_ 4 2 2 e 4 = 2

2 " “b - nA L4k + W )e1] + 4 nn [0 (k + %b)-1]
2 2 LA
a a a
Where in k), 1) n = wn/wb ‘ k/mb = wg . K/ma = Qi ;
¢ =c/ey s o, = 20k m)t/?

Let it be required that

oy <H ot y = H/a = H/3 (a=3)

m m
FPewe1l . 2@m) 1 Iy
h n 1

L] 2m 1 Ty Zm

%% = (1+4C2§2) nd 72 = mean square value of ni

= 473> ©° = mean square value of

- -2
LIS -7;7 speed u
b

The program for n) and o) follows.
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m)

n)

o)

P)

S




I
MICHIGAN TER®INAL SYSTE™ FORTRAN G141334) MAIN N6-01=72
c THE venftte vananerens
c AM = BODY ~-AM e AXLE MASSs TK = TIRE SFPRINS
1 c RATE, SK = PENSION SPRING RATE, C = DAMPING
: c cosrsxc‘ Nf Jnl = NUMBER OF DATA POINTS, V = SP
: e : ; i< sl
f c (For FEYVRIRIIEN, WHERE N IS AN INTEGER)
c ‘
c - SR T e e e T

0001 ~ IMPLICIT RE&L ooca-n.o—z)

0002 COMPLEX 214} lza)- snclzen. SHNEW(128)

0003 e INTEGE - e —— e

c bk

1 o004 DINENSTDN ABOT(2), waA(LS)

0005 D1 MENS 126 vX8 (120 HyDN2AL120)9DX2R(128)
! 0006 OIMENSION Y(4) ,DERY(4),PRMT(5),AUX(16,4)
! 0007 ]
T 0008 T e e
i 0009 N T AN 8 pPNASEFIlZB!

0010 e ‘
. 001t el s TR e ST i
Y0012 16" JSH( 129) ,DIFH( 128)

0013 DIMENS ION- SEE¥428)0, S2(129), DPSDIIZB)

€014 : BMy THeSKeCyP I - =

0015

cC16

0017

0c18

0019

0020 'Tg: LEARSNP

0021 203 .

0022 204

C 22 PPARA TK»SK»C- -
c WR ITE( 64 SUEEN,

0023 101  FORMAT(RNR/ARNS*$8S VEHICLE SUSPENSION DESIGN $88°/ _
d5X » ! 520G OMN ITTYYYPIPYTYIT T EYE PV IOy B ;
d5X,' INPUT OATA FOR THE SYSTEM :°7
5K UNSPRUNG MASS = 5F10.20° KG'/ :
I5Xs  SPRUND—NASS e L F G 2wt KG'/

5%s*' TIRE SPRING RATE = Y5F10e2,° N/IMY/

5X,* SUSPENSION SPRING RATE = %,F10.20°¢ N/M'7

5K 5 DAMPING-COEFF ICIENY = FL0.20° ¢

d5X»* - R - S - - e e - - —-—--- - ee - /11) {

024 102 FORMAT(SKs® INPUT DATA"I
5K, srzsbéoﬁ—¥ue VEHICLE ® 'pFbe2e"  RFSEC'/ b
5X»*'  TERRAIN WAVE LENGTH: L = *,F7.2, * ™ */ I3
d%Xs*' NUMBER OF OBRSERVATION POINTS = o157/ r

4 I5Ks'  ~gmpgpree—=-~--=-- ——————————— ——— ) -

¢ 0025 U= 2040 . . o

-‘ c e . ]

, 0026 CALL ROUGHENPSSH) i
0027 00 12 I=l»120

0028 12 SSHUI) =+ SNCE




= MR M STl ¢ " -

LAl
0G32
nr3
0034
cC3s
G036
0037
0038
00139

004C
0C4l
0042

CC43
0044
0045
0046
0C4?
0048
0049
o050
QCst
0052
0052
0054
0055
cesSe
nes?y
oCse
00s9
0060
0041
0G62
ane?
Q0c«

0065
nobs

00e?

0008
0069
Qo7¢C
0071
0072
0e73

LA NN S <2

14

1%

s X2l

w~N [a Xal

N EalNa)

OwWoOonN o

10

“ L NI Y et e

CALL OPTIM{AMeBMyTK,PI,AL»Us SHINP)
CALL PSDCALUSH,SL,AP)

CALL FUN(F)

00 14 I=byi2®—

PHASEF (1) = kL)

00 15 1=2,128
(TR - - ——
Fll1) = <P} 9!?0!20)

T =0. 0

TMAX = ALPY
DELY = FRANS,L2OvO - - - - —— =
NDIM = &

— ———————— . - -

OC 2 I=1+NOIM

Y(I) = 0.0,

K = RUNGECHYVOERY»TYDELT) - — — =
IF(K.NE.1VGO TO S

DERY(1) = ¥Yi3)

CERY(2) w—¢@)— -

CCC = COIY(&A) = Y(3)) ¢ SK*(Y(2) - Y(1))
X = T/DELT

I = IFIXCSNOLEX))

PESD = X=I1

IF(RESD.GT, 0.75)1!-!!01

FF = F(I1Y--

ANEW =11 .

1F(DABS{X-XNEW).LT.0.1)GD TO ?

FE e (FUHSP G411 )4240

GO TQ 6

XA(I1) = v(1)

XBUID) ® Y42} :

OX2A(11) = (1./7AMVe(CCC- rx-(vclt -FF))
Cx28(11) = (1.078M)e(=CCC)
DEOY(3)mll . OLAMIS(CCC-TKB(Y(1)=FF))
DERY(4) = (1.0/8M)®(=CCC)

CCNT INUE
IF (T.LT.THNAX)GD TO 3

CONSTRAINT EQUATICN FOR OPTl"llATICN

FORMAT(*ROOTS ARE®» 2E17.7)

CALL HCALIDX2AoDX2Bs XASNHs NP)
CO 18 I=1,128

ORIGH( 1) = REALISSHULIN)

00 10 lelyNp—

SHNEW( 1) = DCHPLX(NHIT1)»0.002)
CALL FFTISHNEWsNsNP)



"L1%8Y TCRMINAL SYSTEM FORTRAN G(41336) wa N =

nnre CALL PSDCALISHNEMWs»S2»NP)

0075 WP ITE(6,201)

nCTe DO 1 J=1,NP

co7? OPSO(J)=(ORIGHIS)=HHIJ))®100.0/CRIGH(J)

0078 1 WRITE( 65 20200RIGHE J) sHHL J) »OPSD(J)

0079 201  FORMAT(LHL//#s® COMPARISION BETWEEN ORIGINAL £ COMPUTED (27
; ggx.'tsuaA1N DATA®, 10X+ "COMPUTED DATA'» 10X»* X CIFFERENCE'//
t 0080 202 FORMAT(5X»3E22.57)

0081 WRITE( 69 206)

0082 206  FORMATH bHEy~——— LGGRITHMICQUTPUTLS

asx.-rasousncv-.sx.'Pso-.lox.-Loccsaon'.ox.'toctpso)-a

0083 OMEGA = 2,0¢PleV/AL

i C084 ETA = DNEGAGDSORTHBMASK) — - —— ——— o =
c TAKING LOGRITHMS CF PSD AND FREQUENCY ¥ALUES

0085 DO 16 Is1,4NP

0086 ©SD=S1 {1 1OETASALS (2., 0%P1) - -

0G87 FRQ = 1#2,00P174AL

0088 PSDL=DLOGLO(PSD)

0089 - FROL =-DLOBROEFRO) — -~ B

0090 IFL(1.E0.1)eDR.11.GT.565))G0 TO 16

G091 WRITE (6, 2101 FRO, PSD, FROL ,PSOL

0092 16 CONTINUE -~ -~
) caen 210 FORMATESK, $ELT. €)
: c

G094 99 CCNTINUE

5095 STCP

LLETS END

=0OTICNS IN EFFECT®  [D»EBCDIC» SOURCE»NOL IST» NGDECK oL GAD» NOMAP

*CPTICNS IN EFFECT® NAME = MAIN » LINECNT = 57

eSTATISTICS® SOURCE STATEMENTS = 96, PROGRAM SITE = 22542

ASTATISTICS® NO DIAGNOSTICS -GENERATED - - :
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~an

rAN9
e .~

blalell
{ GCOo4
0005

oo
ooe?
CCu?

0099
no1on

)

[
oty 3

e A
“

R X
B

i TARR LS
LA

i

‘17

| L~
.

Yo el
AN 42

DO

«r3

421

L)
»
] W sy

SURRQUTINE CPTIM STARTC KHERE

SURROUTINE CPTIMIAMsBMyTK»PI»ALIUy SHoNO)
IMPLICIT REAL *B(A-Ho(C-2)

OIMENSION ROOT(9)» VI(9)
CIMENSION COE(9)» RR{9)» RC(9), POLIS)
COMPLEX *16 CONSH, SHI128)

WRITE(6,4101)U
FORMAT(* U =°,D17.6)
WRITE(6,401) (SHUT),1=125,128)
SIGMAH = 030~~~ -~ -
WRITE(6,402) NP

FORMAT(® NP =',15)

00 10 N=1,NP

SIGMAH = SIGMAH ¢ CDABSISHIN))

WRITE(65407)S1GMAN "
FORMAT(*SIGMAH =*,017.6)

CO «0 IH = 15, 40, 3
XSOMIN = ]1,0015

H = [He0,01

ANP = NP

CC = 9,0eSIGMAR/(ANPOHTH)
WRITE(LG6,4DB)CC

FCEMAT('CC =*5(17.6)

CC 3C 12 = 1,10

7 = Q.12

WRITE(E),421)

FORMAT (* ENYEREC FIRST DC LGCP')
CC 30 Ix= 1,10

SK = 100G.G*IK

CMB = CSQRT(SK/BM)

C™A = CSQRT(TK/7AM)

CMR = N43/s(CMA
WRITE(Dp=22)

FCRMAT(' ENTERED THE SECOND LUCCP*)
SKR = SK/TK

Cll = SKR ¢ CMRe(QMR

12 = 11 + 1,0

te w g

cTe(l) = CC

CCEt2) = G.G

COE(D) = ©,872 - 2.¢C12

COE(4¢) = 0,0

COE(S5) = C12%C12 + 2.,*(CMR*(MR - CC - E.e72%C.ivC.
COElLS) = 0.0

COE(T) = 4,¢72*CLl1*Cll - 2.*0OMReQMReC]?2

COE(B) = 0.0

COE(9) = CMRee*y
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ﬂ‘.“l
AN FORMAT(*CCE 's017.6)
C CALLING A PROGRAM FRUM SS°®
C
G744 CALL DPRBM(COE»9»sRRIRCHPOL, IR, IER)Y
C
(o
0nes 404 FORMATI*RRE RC*eD17.6)
C WRITEL 624050 1R
0048 405 FORMAT('IR =%,]5)
0047 IF(IR.EQ.O0)GD TO 30
0048 | om Qe ‘ e
C049 J= 1
GOS0 19 IF(RC(J)I.EQ.0.0D1)G0 TO 20
00951 1F 4 EOtRIECNO-2 -
0052 4 = Jol
cC53 GG 70 19
0054 2¢ f1FI(RRIJ).GE.0.0D1)G0 YO 22
09155 IFJ.EQ.IRIGEG TC. 25
LT J = ) +1
cCcs? G0 7O 19
0058 22 1 =1 ¢1 .
0059 ROOT (1) = RR(J)
0060 J = 3§ ¢t
vC6l GO TO 19
nne2 2% CCNTINUE
e [F(1.€Q.9)G0 TC 3¢
C WRITE(G6,201 MU UJ»REATL I )p I=1 1Y
alarIva 201 FORMAT(® ROCT(*»11,%) = *,C17.06)
aeES 00 27 4 = 1l
nees 27 VIJ) = 0,5¢ROCTIJII®*ALeTMB/P]
2C 87 00 29 Jl=1,l]
Riol 3. IF(DABSIU=-VIJL1)).GT.0.2)G0 TO 29
20AQ C0 28 J s 1y 1
2 o dr RCC2 = ROCT(J)®RQOCT(I)
SC7y RCCe =« RGO2*R0OQ2
g Al g YSC = (1.¢4,¢12¢R002)7(R0O0CA*CC)
)| DR [FIXRSQ.GE.XSOMINIGC TC 26
oG 74 XSOMIN = XSO
8 1 W, SKCPT = SK
INE T ICPYT = )
idad i 28 CCNTINUVE
A WRITE(6,202V((4sV(J))pd=l0l)
wE i 202 FCRMAT(® Vi's1t8s®) =*,017,6)
08 WRITE(65203)SKs2 s M
of gl 203 FCRMAT(® SKX =°,D17.65° ? 2 ,D1T7.0s" H 3'pFe,
stel 29 CONT INUE
2083 20 CONTINUE
CCoe4 WRITELG6,418)SKOPT,L20PT
w85 418 FORMAT(*SKOPT='5017.6,° I0PT='»D17.6)
00¢eo 40 CONT INUE
ocer RETURN
alof: 1 END
SOPTIONS IN EFFECT® 1DsEBCOIC» SOURCESNOL 1ST» NODECK»L OADe NONAP
*OPTICONS IN EFFECTe NAME = DOPTIM » LINECNT = 57
sSTATISTICS® SCURCE STATEMENTS = 88s PROGRAM SITE = 2648
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ryL € LAF=TILLLARLLY)
ro2< L1 = AlMASHAF(D))
ray. RS Y XIS
bt iFLI0:,68)50 T2 2
o AlF a2 -41Ff
X 2 FUE) w A1COSOETIN, 04T IRAT])
Ve & TPNTINJE
e Leem e
£ NI
¢ TTTIONS IN FFFICTE IDLEBCOICH SCURCE,LNGL ISTANCIECK L a0 NDIWL "
S IPTIONS [N EFEILTe NAME w FUYN » LINECNT = L
«STATISTICS CIUSIZ STATCMENTS & - . PTePRISAA® S|72 @
REFLTTSTIVS® - MO VIIGNTSTICT  IRNBRATEN
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= . oy M) YD TN = =
¢ CEIUTINT EJUGH STATS
o SIRRGJTINI RGUSHINeH)
ey JIVENSION HI(]1026)
~any SCMILEX HIN)
R REAL®& FMT(1)/0%¢y
Gt L 9535‘50F'T'|“l‘l)-l'lnN’
3336 Sl 0- e o s . e e
ana > NC 2 1= I.N
ake L B 2 S=SeHltl)
0939 Y S T A .M'Wﬁ: v reves e M
~ALE T Is1,N
i) 4101 = WYCf)=HAY
~a12 A o HLCEP®0:2043 - oo e
oMl 2 | HUI) = CMPLX(MI(1)+0.0)
¢ WRITE(6,101) (HUI)sl=leN)
ale I 101 EOIMATIRHLZ /2 - ~-TERRAIN ROUSHNESS INSYT 2y

TP?Ye'wscsedentnbattedshnnvbsnbdtate )/
T2Xe 'HEISHTS WeR.T, A REFRENCE* 277

MONeeF12,87)) = i A e
ol § & SETJAN
Y1 & SND
$LOTPoMe Iy RpESCY R 3 ERCDICY SOURCE»NOLISTo NOBECK L A0, NONMAC
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eSTATISTICSS SJURZ STATEMINTS L1sPROSRA™ SIZE = 548
ASTATICTICS®  ND DIAGNOSFHES SENEWMTE) ————— = :

TESWINAL SYSTEV FIRTR:IN G(eQV38) Ma N el AT

c
¢ SUARIUTINE °SOCAL
“Y SURRITUTING PSDCALIMHLSoNP)
02 CAYOLEL HINP)
GLLE] IFMINS FOM-3§ ND) m——
2% COMMIN/VEDATAZAM BN, T, SK»Co Pl
ra33s COMNON/ PROFILIV,AL
Q06 - ~—DMEGE Ay sP LN ANE— r—s
naG? STA o DMEGOOSORTION/SK)
ane JO 1 lel, NP
0919 1 SU1) o HEFPOCONIGERET I 4620 BF A~ - -
6210 RETIAIN
o END
eCPTIONT [N EFFECTS [P ESCOIC » SOUREESNOLESFoNBOECK, LOADI NOmAP-
§ *CPTIONS IN SEFECT® NAVE = PSOCAL o LINECNT = 57
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MICMIAAN TERMINMNAL SYSTFM FIRTRAN Gt el336) el
¢
¢ IUNRIUTINE FET
ol et SURRIUTINE FFTLA,NeNR)
£ anp “OMPLEX A(NS) gUeWy TolMPLY
[y JHVIDING AtL ELEMENTS BY-—NB- - -
LLLE JC U J=1,N8
s LY L AlJ) = A(JI/NB :
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cnss NBD2 = NRAP2
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R GL) IF(L.53.J)60 T0O 2
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' “ni 9 a01) = A(L)
g 12 atL) = 7
; 5012 2 RE LT ik 22 e SR
C WeITE(6»101)(AL]I)0]12Y00)
NNy & 1C1 ENAIMAT(3IFLIS .6) ..
cIs k) [C4K.NELIIGD TO-& - P
olte Jelm s
GG A T ¢ = <72
fave A T2 2
e 4 ] = el
¢ SOVRUTATICON OF FFT
2 Lty Bl = 1465024/523589703?
ety Te 5 ValN
a0 JoE el e N
> MO e 2 M
ﬂﬂ\:~ ( * VE'?
s A o JMOLX(CQOSIPLIIKY, =SINLPIIYXM))
RIS AC & JeinK i i oy b,
e Dy ST R L2JeNB,ME
ok Sl LB = Lew
L22s T s Ll PK)sy
e Ly A(.2<) = A(L) =T
ATITI(ENN2)A(LPK)
\,‘\

SIIMAT(2FR13 .00
wbu ) T Al T

Jd¥a

P o PREN T o SCURCESNDLISTeNDOTECK S L™

;1-‘:;?~—. NaMs =« RCTT ’ L'NECNY L

28T EYLTIMENTS a

VENERATED

5. PF_5RAN

oy s -
IA I Ra Y PN o

ST aNOMa
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TIOMINAL ST TSN RRTRAN G411V, “AlN

¢
( THAIT AT INE HMCALIDN)2A,PADR (A, HaNP)

") SUARTUTINE HCALIDX2A4,DX2Rp XApH,NO)

el SOYOLex HINP)oXAINP),OX2AC(NP) »DX2R(N™)

Lato 1 . COMMIN/VEQATAIANN M) T Sy Co P -

0024 Cl = AN/ TX

L L) c2 = AM/TK

LD LT B 1 & e B e 2 4 L mmentm = e s

oz | HUT) = XA(ED ¢ CLODX2A(1) + C2eDX2B(I)

0908 RETJIN

o9 - N9~
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SUtSSN TERMENAL SYSTEY FOPTREN G 6)336) AN
P RN ERNN SHRORASRAM EDR 40w OhT N Lot e

WIS E{MNMTTION QJN:.)f‘VOVv‘oI'vu)

Rkl B TNTZ56> RUNS

2 TIVENRINN PHI‘SO’.SAVEVlSODpV(N).‘(N)

fINe DATA-MWIOS - -

b R M = M ¢ 9

N006 SO TO (19203040 5)5M

coy 1 - RUNGEet—- = TSt e s e

0068 RETIRN

Mnge 2 JO 22 J=1eN

onte SAVEVH>-e—Y44) o ——— e e

€11 FHItJ) = FLY)

6Ny 2 22 Y(J) = SAVEY(J) ¢ .S5eNeF(J)

~q1 R R . L L

ialal I RUNSE = 1

CIls RETUIN

5] & 3 I0 I Fo N e e o

r 7 PHICY) = PHI(J) & 2,¢F ()

0o1¢ 33 Y(J) = SAVEY(JVe,S0HeF()) ‘

(ah B} RUNGEet— e

cd2e RETJRN

SNEY T & 1T 64 J=),N

naxs FHIELE) = PHI(II2,8F ()

% Ed 44 YUJ) = SAVEY(J) ¢ HeF())

1. A= X ¢ N, S5eH

~Aaa E R LU T |

E g TETIIN

R 6 XC 5% J=lsN

bl B &5 Y(J) = SAVEVIJIC(OHI(IVeFL J))doryye,

RS e v 2 A

e 1 R RUNSE = ©

[ RETYIN

«CETUOND IN EFFZCTe 17 ,ERCNICe SOURCESNOL ISTHNOCECK»LZAL »NOMAD
*CETIENS IN ERE2(Ts NAME a3 RUNGE » LINECNT = 57
X AT ISTICE S SCU22: STATEMENTS = 32»PRCSRA® C7F =
3 sTICS®e  NT CHASNOSTICS SENEWATE)D
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Appendix C

The algebraic formulation of the problem is given next.

n=o
% =2 un 42,172
P Ry =0 (Fabn” (Ml (3)
n=o®
oF = alf.,h 2 |M';|2)1/2 (4)
=2
where F2 = h_.h#/2 (5)

h; is the complex conjugate of hn the amplitude of the nth

order harmonic component of the terrain elevation spectrum hn .

n 2
lbel = N, (6)
D,
1
where
N1=K2(mzc‘n2+k2) (7)
b= k(1= (n /\“)z(manzmz-(k+K))+k2]2+ (8)
( vn)zln (n )2-K+k(nm’w )2]2
' Qa o
" EZ (9)
By
where
N, = 1 (10)
o v} 2ol (¥ o, (L= o] o} IR (e/RY] %4
(o) a o
2 2 2 2 e )
\ { N - o /R /
{ von) ‘('o no) (ma O+k)/!\] k (aal

usce the followina nomenclature:

circular frequency of sprunag mass when standince
nerant) rad/sec

‘1.: imupressed circular frequency rad’sec

ansvrung mass sprina rate; N/m

Kt sprunag mass spring rate; N/m
e damping constant of shock absorber (average) Nsec/m
% . axle mass per wheel set;kg

1 integer 1,2,3,..... order of vibration




B, ,=n"w! (c/u)? (24)
Ayy= L ug/ne) =14 (ne) 2. (1= (wg/ne) )m, /K= /KD ) (25)
Ayz-(wo/nw)’- (mgud +k) /K (26)
Byl'l/K (27)
Byz-(wcn/k)z(Ayz/k+1/K) (28)

Substitution of (14) to (28) into (12) and (13),respectively,
will yield two simultaneous algebraic equations in the unknown
parameters k and c. Note that because of automatic height
control with Wo equal a constant the pro-rated mass m, does not
enter into the equations explicitly but is contained in Wgs

For the terrain identification (subroutine) we write:

W 2 2 ", Q)
N Bn /Qn = ﬁn u/u)n ot.u (29)
where in (29) :ix is the nth order power spectral density value
(mj/rad), nn in the wave number of the nth order wave (Rad/m),
o is the nthorder circular frequency (rad/sec) and
Ny 2, 2 th 1 Lty
g By g (m“sec/rad) is the n order power spectral density

value relative to time. So

n L .n
sx | U (30)
also
o
Au  (approximately) LS
V\I]ti
2
. - T
¢ ﬁn/v (32)
such that
\
Ei = Au/w = A/Q = ¢ .0 (33)
The average A- value A.vg is then




Partial differentiating (1) makes P a minimum, if

P = p AR -
b+ ady=0 (12)
® w e
3P = p agﬁ + a %i =0 (13)
c oC c
where
X n=c 2 -1/2 ns 2 n 2
A g n 2 - 4 3|mM, |
% = a1 By |be| ) . 5-1 h, n xb (14)
ok
n=w 2
- s 52 n 2,-1/2 . I h n 2
y = (I nMep ) G M, | (15)
n=1 —si——
X n=o =2 n=w _2
R S R n 2
o " (e P Mg lT 0 g0 by 3N | el
c
- n=ov =2 n=o
) & h 2,-1/2 2 n,2
L= (g n 1M 1% . fa1 By 2IM7| (17)
9C
R 2
J’bel = 2[leK-N(Axle2)l/Dl (18)
W S 2.2 ol 2 2 (19)
R '1xb‘ = 2 cn"w [le Nll\le/bl
«C
| n'2 & Wy 2
AR
:; R zn:Aizﬂkg
C
and

2

A1 =k (1= (nu/w ) %) (m n?u?- (kek) ) +k?

sz-(manzwz-x+k(nw/wo)2)

Bxl-(l-(nm/mo)z)(K+m.n2w2)(R+man2w2)+2k(nw/m°)2




n=100

2
Aavg = Bm) O 921/100 (34)

Equations (1) through (34) are processed and the program is
shown next.
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